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ABSTRACT 
In the U.S. Midwest, agricultural subsurface drainage, or tile, is commonly used to 
improve crop production; however, because nitrate is easily leached, tile drainage typically 
has high nitrate loads. Nitrate exported via tile drainage impairs water quality and can be 
reduced by implementing conservation practices, such as saturated riparian buffers (SRBs). 
SRBs function by redistributing the nitrate-rich tile drainage through the soil of a vegetated 
buffer zone via a perforated distribution pipe, facilitating denitrification and plant uptake. 
Because this practice is relatively new, there has been limited research into how SRBs 
function and how to effectively design them. In the first study, an equation for the optimal 
SRB width was derived by applying a mass balance to maximize the nitrate removal 
effectiveness. The optimal width is smaller than the current width at each of the six study 
sites, and two sites have optimal widths that are smaller than the minimum width specified 
in the current NRCS design standards. In the second study, a three-dimensional, finite-
difference groundwater flow model was developed to better understand how groundwater 
flows in SRBs. Because flow is one-dimensional in most of the SRB, assuming one-
dimensional groundwater flow in an SRB is reasonable. The median error associated with 
computing the travel time using a one-dimensional approximation is 11.6%. The flow path 
of the tile drainage toward the stream depends on where it exits the distribution pipe; the 
flow that leaves through the top perforations at the end of the distribution pipe has the 
greatest potential for nitrate removal. Better understanding how groundwater flows in an 
SRB is an important step toward improving design to more effectively improve water 
quality. 
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CHAPTER 1.    GENERAL INTRODUCTION 
Agriculture in the United States Midwest is highly productive for growing crops, 
especially corn and soybeans. Because soils are often poorly drained in this region, 
subsurface drainage, or tile, is commonly used to provide a well-aerated root zone. 
Excessive soil moisture stunts plant growth due to an oxygen deficiency in the root zone 
and a reduction in nitrogen uptake resulting from denitrification and leaching (Kaur et al., 
2017). Nitrate is highly soluble and therefore easily leached, causing tile drainage to have a 
high nitrate concentration: Baker and Johnson (1981) reported nitrate concentrations up 
to 61 mg N L-1 from tile drainage in an N fertilized field in Iowa, which is over six times the 
U.S. EPA drinking water standard. This nitrate-rich tile drainage is routed to a nearby 
stream or drainage ditch, which is a tributary to a larger body of surface water.  
 Nitrate exported from agricultural lands reduces water quality, diminishing 
ecological and human health. In surface water, high nutrient concentrations promote algae 
growth and consequential hypoxia, resulting in fish kills. Tile drainage has been identified 
as a major contributor to the Gulf of Mexico dead zone (Goolsby et al., 2001), the largest 
recurring hypoxic zone in the U.S. Currently, of the U.S. drinking water treatment systems 
that use water contaminated by nitrate to levels that increase the risk of cancer, two-thirds 
do not include any nitrate removal because it requires expensive technology, costing up to 
thousands of dollars per person annually in small communities (Schnechinger and Cox, 
2018). Preventing nitrate pollution in the first place is beneficial as it reduces the need for 
expensive removal technologies. It also improves human health in areas that cannot afford 
nitrate removal technologies and where surface waters are used for recreation. 
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 Conservation practices have been developed to reduce nitrate exported from 
agricultural lands. In-field practices, such as cover crops, living mulches, fertilizer 
management, and nitrification inhibitors reduce nitrate leaching; however, in-field 
practices alone are not sufficient for meeting nutrient reduction strategy goals (IDALS, 
IDNR, and ISU, 2017). Therefore, in-field conservation practices must be used in 
combination with edge-of-field practices, such as riparian buffers, bioreactors, and 
constructed wetlands. Edge-of-field practices reduce nitrate flux to surface waters after the 
nitrate has been exported from the field. Unlike bioreactors and constructed wetlands, 
riparian buffers are not hydraulically connected to tile drainage, so the nitrate-rich 
drainage will bypass treatment in a riparian buffer; thus, riparian buffers are less effective 
for removing nitrate from tile drained lands.  
 Saturated riparian buffers (SRBs) hydraulically connect tile drainage to a vegetated 
buffer by intercepting the drainage using a control structure and redistributing the flow as 
shallow groundwater. SRBs are often installed on existing riparian buffer sites, which 
greatly reduces the cost. The control structure contains a perforated distribution pipe that 
runs parallel to the stream and is located approximately 80 cm below the soil surface; this 
pipe allows the tile drainage to seep into the soil of the vegetated buffer and flow toward 
the stream. Nitrate is removed through denitrification, plant uptake, and microbial 
immobilization (Jaynes and Isenhart, 2014). The water table in the SRB is artificially raised 
based on the elevation of the stoplog in the control structure. Raising the water table is 
beneficial because it increases the tile drainage flow that enters the SRB and it allows the 
nitrate in the tile drainage to come in contact with the high carbon soils near the ground 
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surface where rates of denitrification, the primary nitrate removal mechanism (Groh et al., 
2019), are greatest.  
 SRBs have been proven to be an effective way to remove nitrate. Jaynes and Isenhart 
(2019a) studied six SRBs in central Iowa and determined that, on average, they removed 
between 35 and 99% of the nitrate that entered the SRB. While the potential to remove 
nitrate varies from site to site, four of the six sites removed between 84 and 100% of the 
nitrate it received each year. The authors estimated an SRB cost effectiveness of $2.94 per 
kg N, which is comparable to other edge-of-field practices, such as controlled drainage 
($2.00 kg-1 N), bioreactors ($2.10 per kg N), and constructed wetlands ($2.90 per kg N). 
Davis et al. (2018) studied the effects of SRBs on air quality. Ideally, denitrification converts 
nitrate (NO3-) to nitrogen gas (N2), a non-toxic gas that makes up 78% of the atmosphere. 
However, incomplete denitrification results in the conversion of NO3- to nitrous oxide 
(N2O), a powerful greenhouse gas. The authors found that SRBs do not increase N2O 
emissions; instead they reduce the total indirect N2O emissions because NO3- is removed 
before reaching the stream, where there is potential for incomplete denitrification. 
Chandrasoma et al. (2019) studied the potential impact that SRBs could have on water 
quality in the U.S. Midwest, and found that there are roughly 75,520 km of streambank that 
would serve as a suitable SRB sites. Wide implementation of SRBs could reduce N loads 
from tile drainage by 5 to 10%.  
Because SRBs are a relatively new practice, there has been limited research 
regarding how to most effectively design them. Groh et al. (2019) studied denitrification at 
SRB sites and found that denitrification accounted for up to 77.3% of nitrate removal, and 
is thus the primary removal mechanism. The authors recommended that SRB managers 
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raise the water table in the buffer to the greatest extent possible in order to maximize 
nitrate removal. Jaynes and Isenhart (2019b) developed a two-dimensional SRB model 
using version 2.05 of HYDRUS, a finite-element model for numerically simulating variably 
saturated water flow and solute transport, to test whether lateral infiltration rates vary 
with the location and number of distribution pipes. The authors found that infiltration rates 
could be increased by placing the distribution pipe closer to the stream and/or using 
multiple distribution pipes. Dickey et al. (2020) studied how the slope stability of SRBs 
changed with the SRB width and found that four of the five study sites were stable with 
widths greater than 3 m, which is far below the current design specification minimum 
width of 9.1 m (USDA-NRCS, 2016). This study suggests that SRBs could be narrower than 
9.1 m and maintain a stable slope. The one site that was instable exhibited failure even 
when the SRB was not installed. While SRB design has improved since the practice was first 
introduced in 2010, there is potential for increased nitrate removal through research of 
design optimization.  
In order to understand how to most effectively design SRBs, it is important to 
understand how they function. Tile drainage is added to the soil approximately 40 cm 
below the water table when the capacity of the SRB is met or exceeded (Jaynes and 
Isenhart, 2019a), and it is not well understood where the tile drainage, and thus the nitrate, 
flows once it leaves the distribution pipe. Because the tile drainage is added to the soil 
below the water table, there is three-dimensional flow, implying that the nitrate may not 
stay near the water table where the removal rates are greatest (Groh et al., 2019). The 
groundwater flow in an SRB is not well understood and has not been studied in-depth.  
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The goals of this thesis are to improve the understanding of SRB function and aid in 
the design. These goals will be achieved by addressing the following objectives: 
1. Determine the optimal SRB width 
2. Assess the validity of SRB groundwater flow assumptions 
3. Investigate the path of the tile drainage after exiting the distribution pipe 
These objectives were achieved through two studies. The first study addresses objective 1 
by developing an equation for the optimal SRB width. This equation was derived by 
applying a mass balance to maximize the effectiveness, defined as the ratio of nitrate 
removed by the SRB to total nitrate received from the field. The resulting equation was 
applied to six study sites located in central Iowa to investigate the effectiveness of the 
current NRCS minimum width standard. The second study addresses objectives 2 and 3 by 
developing a three-dimensional groundwater flow model of an SRB. This model provides a 
means to assess the extent to which groundwater in an SRB flows in one, two, or three 
dimensions. The travel times from various model simulations were compared with the 
travel times computed using a one-dimensional approximation to assess the error 
associated with a simplified computation. Particle paths were used to investigate where the 
tile drainage flows after exiting the distribution pipe. The implications for nitrate removal 
are assessed. Ultimately, this thesis seeks to reduce nitrate flux from agricultural tile 
drainage and therefore improve water quality. 
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CHAPTER 2.    IMPROVING THE EFFECTIVENESS OF SATURATED RIPARIAN BUFFERS 
FOR REMOVING NITRATE FROM SUBSURFACE DRAINAGE 
Modified from a manuscript under review to the Journal of Environmental Quality 
Andrea R. McEachran1, Loulou C. Dickey1, Chris R. Rehmann1, Tyler A. Groh2, 
Thomas M. Isenhart3, Michael A. Perez4, Cassandra J. Rutherford1 
 
Abstract 
A saturated riparian buffer (SRB) is an edge-of-field conservation practice that 
reduces nitrate export from agricultural lands by redistributing tile drainage as shallow 
groundwater and allowing for denitrification and plant uptake. We propose an approach to 
improve the design of SRBs by analyzing a tradeoff in choosing the SRB width, and we 
apply the approach to six sites with SRBs in central Iowa. A larger width allows for a longer 
residence time, which increases the opportunity for removing nitrate that enters the buffer. 
However, because the SRB considered here treat only a portion of the tile flow when it is 
large, for the same difference in hydraulic head, a smaller width allows more of the total 
tile flow to enter the buffer and therefore treats more of the drainage. By maximizing the 
effectiveness of nitrate removal—defined as the ratio of total nitrate removed by the SRB to 
total nitrate leaving the field in the tile drainage, an equation for the optimal width was 
derived in terms of soil properties, denitrification rates, and head difference. All six sites 
with existing SRBs considered here have an optimal width that is smaller than the current 
width, and two are below the minimum width listed in current design standards. In terms 
                                                 
1 Iowa State University Department of Civil, Construction, and Environmental Engineering, Ames, IA 50011 
2 Pennsylvania State University Department of Ecosystem Science and Management, State College, PA 16801 
3 Iowa State University Department of Natural Resource Ecology and Management, Ames, IA 50011 
4 Auburn University Department of Civil Engineering, Auburn, AL 36849 
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of uncertainty, the main challenges in computing the optimal width for a site are estimating 
the removal coefficient for nitrate and determining the saturated hydraulic conductivity. 
Nevertheless, including a width that accounts for site conditions in the design standards 
would improve water quality, locally and regionally. 
Core Ideas 
 A wider SRB does not necessarily mean more nitrate will be removed. 
 The optimal width maximizes flow while maintaining adequate residence time. 
 The optimal width may be lower than the width listed in current design standards. 
Introduction 
Nitrate exported from agricultural lands through artificial subsurface drainage, or 
tile, can impair the quality of surface waters. Tile drainage is commonly used in U.S. 
Midwestern agriculture to improve row crop production by lowering the water table in the 
field to provide a well aerated root zone. Because nitrate is easily leached, tile drainage 
typically has high nitrate concentrations: Baker and Johnson (1981) reported 
concentrations up to 61 mg N L-1 in tile drainage from an N fertilized field in Iowa. This 
nitrate-rich water drains into the Mississippi River and ultimately to the northern Gulf of 
Mexico, contributing to the nation’s largest recurring hypoxic zone. Nitrate export from 
agricultural tile drainage has been identified as a major contributor to this hypoxic zone 
(Goolsby et al., 2001). 
 Because of the adverse effects of nutrient export, conservation practices have been 
developed to reduce nutrient flux from agricultural lands to surface waters. In-field 
practices, such as cover crops, living mulches, extended rotations, fertilizer management, 
and nitrification inhibitors reduce nitrate loss; however, they can be difficult and costly to 
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implement, and alone they cannot meet the targets of nutrient reduction strategies (IDALS, 
IDNR, and ISU, 2017). Therefore, edge-of-field practices, such as bioreactors, constructed 
wetlands, and riparian buffers are also used to reduce nitrate flux to surface waters. 
Riparian buffers effectively remove sediment and nutrients from surface runoff and nitrate 
from shallow subsurface flow (Groh et al., 2020). However, because riparian buffers and 
tile drainage are not hydraulically connected, nitrate-rich tile drainage bypasses treatment 
in the riparian buffer. Thus, traditional riparian buffers are less effective for removing 
nitrate in regions with tile drainage, which accounts for up to 50% of cropland in U.S. 
Midwestern states (Kalita et al., 2007).  
 Tile drainage can be treated with saturated riparian buffers (SRBs), an edge-of-field 
conservation practice introduced in 2010 (Jaynes and Isenhart, 2014). SRBs intercept tile 
drainage at a control structure that redirects a portion of the flow into a perforated 
distribution pipe that runs parallel to the receiving stream and distributes flow as shallow 
groundwater through a vegetated riparian buffer. In this way, SRBs facilitate nitrate 
removal through microbial denitrification, plant uptake, and microbial immobilization 
(Jaynes and Isenhart, 2014). Of these three processes, denitrification is the primary 
removal mechanism in SRBs (Groh et al., 2019a), and because denitrification depends on 
the available organic carbon (Hill and Cardaci, 2004), SRBs take advantage of the high 
organic carbon concentrations in the upper horizons of the soil profile (Jaynes and 
Isenhart, 2014) by raising the water table using the control structure.  
Because SRBs are relatively new, questions remain regarding the most effective 
design. The removal effectiveness, or the ratio of nitrate removed by the SRB to the total 
nitrate leaving the field in the tile, can be quite high; values from six sites monitored in 
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Iowa ranged from 7% to 92% (Jaynes and Isenhart, 2019a). The effectiveness depends on 
the flow from the field and site conditions such as SRB dimensions, soil characteristics, site 
geology, and stream conditions. SRB design seeks to maintain an adequate residence time 
to allow for nitrate removal. However, during periods of high flow, the flow that the SRB 
can handle—which is controlled by the width Lx of the SRB, saturated hydraulic 
conductivity K, and difference between the water level h1 at the distribution pipe and the 
water level h2 at the stream (Fig. 2.1)—might not be large enough. In that case, some of the 
untreated tile drainage bypasses the SRB and flows directly to the stream. For example, 
Jaynes and Isenhart (2019a) found that, on average, 6% to 79% of the tile drainage 
exceeded the capacity of the six SRBs studied and flowed to the stream untreated.  
Therefore, a tradeoff exists in choosing the SRB width Lx. Because residence time 
increases with increasing width, a larger width allows more time for nitrate removal. 
However, assuming the initial hydraulic head set by the control structure remains constant, 
a larger width reduces the hydraulic gradient and consequently the total flow received by 
the SRB. The modeling of Jaynes and Isenhart (2019b) supports this intuition: lateral 
infiltration rates were higher when the distribution pipe was located closer to the stream. 
The USDA-NRCS Saturated Buffer Conservation Practice Standard (Code 604) guides the 
design of SRBs and specifies a minimum buffer width of 9.1 m (USDA-NRCS, 2016). It also 
specifies the minimum design flow as “five percent of drainage system capacity or as much 
as practical based on the available length of the vegetated buffer.” However, low nitrate 
concentrations in monitoring wells nearest to the stream suggest that a narrower SRB 
could accommodate greater flow while still removing most of the diverted nitrate (Jaynes 
and Isenhart, 2014). 
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Figure 2.1: Profile view of a saturated riparian buffer with parameters defined. The 
overflow pipe is not shown.  
In this study, this tradeoff was analyzed using a mass balance to determine the 
optimal width for SRB design by maximizing the effectiveness of nitrate removal. The width 
at six existing sites was compared to the theoretical optimal width to determine how 
standard SRB design guidance could be modified to increase the effectiveness and to what 
extent the effectiveness can be improved. Challenges in estimating the parameters needed 
to compute the optimal width are discussed, and approaches for estimating these 
parameters are assessed.  
Methods 
Theoretical Calculations 
The optimal SRB width is determined by maximizing the nitrate removal 
effectiveness of the SRB (Fig. 2.2), defined as the ratio of total nitrate removed by the SRB 
to total nitrate leaving the field in the tile drainage. If ṁin and ṁout are the mass fluxes of 
nitrate entering the control structure and leaving the SRB, respectively, then the removal 
effectiveness η is 
 𝜂 = 1 −
?̇?𝑜𝑢𝑡
?̇?𝑖𝑛
 [1] 
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Figure 2.2: Effectiveness is maximized when the saturated riparian buffer width Lx is 
equal to the optimal width 𝐿𝑥
∗ , i.e. when 𝐿𝑥/𝐿𝑥
∗ = 1.  
The mass flux of nitrate into the SRB consists of all of the nitrate in the tile drainage that 
enters the control structure. The mass flux of nitrate leaving the SRB includes nitrate that 
bypasses the SRB and nitrate that is not removed in the SRB. Therefore, the effectiveness 
can be expressed in terms of flow rates and concentrations: 
 𝜂 =
𝑄
𝑄𝑡
(1 −
𝐶𝑜𝑢𝑡
𝐶𝑡
) [2] 
where Q is the flow entering the SRB, Qt is the flow from the tile drainage in the field, Cout is 
the nitrate concentration in groundwater leaving the SRB, and Ct is the initial nitrate 
concentration of the tile drainage. We emphasize that, because some flow can bypass the 
buffer and flow to the stream, Q/Qt ≤ 1. For steady one-dimensional flow through 
homogeneous soil, Darcy’s Law gives 
 𝑄 = 𝐾
ℎ1
2 − ℎ2
2
2𝐿𝑥
𝐿𝑦 [3] 
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where Ly is the length of the distribution pipe. Darcy’s Law applies because conservative 
estimates of the particle size (0.5 mm), travel time (20 days), effective porosity (0.3), and 
SRB width (24 m) yield a Reynolds number of 2×10-3, much less than the limit of 1 for 
validity (Fetter, 2000). With removal modeled as first-order with a removal coefficient λ, 
the concentration Cout is: 
 𝐶𝑜𝑢𝑡 = 𝐶𝑡exp⁡(−𝜆𝑇𝑢) [4] 
where Tu is the time for water to travel a distance Lx in an unconfined aquifer: 
 𝑇𝑢 =
4
3
𝑛𝑒𝐿𝑥
2
𝐾
ℎ1
3 − ℎ2
3
(ℎ1
2 − ℎ2
2)2
 [5] 
and ne is the effective porosity. Equations [3]-[5] illustrate the tradeoff discussed in the 
introduction: a smaller width Lx increases the flow through the SRB, but a larger width 
increases the travel time and therefore decreases the concentration. The optimal width 𝐿𝑥
∗  
is calculated by differentiating the effectiveness with respect to Lx, and solving for the value 
of Lx that makes the derivative zero:  
 𝐿𝑥
∗ = 0.97 (
𝐾
𝑛𝑒𝜆
(ℎ1
2 − ℎ2
2)2
ℎ1
3 − ℎ2
3 )
1
2
 [6] 
The value of the effectiveness at the optimal width η* is 
 𝜂∗ = 0.37
𝐿𝑦
𝑄𝑡
(𝜆𝑛𝑒𝐾(ℎ1
3 − ℎ2
3))
1
2 [7] 
When the difference in hydraulic head Δh = h1 − h2 is small, the SRB can be treated as a 
confined aquifer, and the optimal width in Eq. [6] can be simplified to 
 𝐿𝑥
∗ = 1.12 (
𝐾Δℎ
𝑛𝑒𝜆
)
1
2
 [8] 
 
13 
 
The approximation leading to Eq. [8] is accurate to 3% when Δh/h2 < 0.85. All variables are 
listed in Table S1 in the supplemental material. Full details of the derivation can be found in 
Appendix A. 
Study Sites 
Six existing SRBs (BC-1, IA-1, B-T, HG, BC-2, and SH), all located in central Iowa, 
were investigated to compare their current width to their optimal width. All six SRBs 
receive tile drainage from fields in a corn (Zea mays L.) and soybean (Glycine max [L.] 
Merr.) rotation, and they are similar in their intended function and the monitoring 
equipment at the site. However, the SRBs vary in width, distribution pipe length, drainage  
Table 2.1: Characteristics of the six study sites.  
† Drainage area was reduced in fall 2013 
‡ From year of installation through 2017, Jaynes and Isenhart, 2019a 
§ Range of denitrification rates from the subsurface (20-100 cm), Groh et al., 2019a (all but SH); Groh, 
personal communication (SH).  
NA, not available 
Site BC-1 IA-1 B-T HG BC-2 SH 
Installation date Oct.  
2010 
June 
2013 
Sept. 
2014 
Oct. 
2015 
Oct. 
2015 
May 
2016 
Drainage area, ha 10.1/5.9† 4.7 7.1 21.8 40.5 3.4 
Saturated riparian buffer width, m 21 24 11 14 22 19 
Distribution pipe length, m 335 308 115 125 168 266 
Average annual flow and nitrate 
removal parameters 
      
Precipitation, mm yr-1‡ 880 937 911 866 927 965 
Days with tile flow‡ 143 145 101 206 280 197 
Total tile flow, mm yr-1‡ 290 191 51 170 464 451 
Tile flow diverted to the SRB‡ 42% 94% 51% 23% 21% 49% 
Total NO3 load removed‡ 39% 84% 48% 25% 8% 17% 
Diverted NO3 load removed‡ 97% 91% 92% 99% 35% 36% 
Denitrification rate, mg N m-3 d-1§ 0.00- 
2465 
0.04-
243.9 
NA NA 
0.08-
141.8 
1.44-
110.2 
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area, topography, flow rates, and nitrate removal parameters (Table 2.1). The variety of 
parameters and conditions in the study sites means that the optimal width will also vary by 
site. 
Determining Values of Parameters 
Computing the optimal width and effectiveness requires estimates of the tile flow 
from the field, saturated hydraulic conductivity, effective porosity, hydraulic heads, and 
removal coefficient. Because our analysis involves the ratio of the effectiveness at the 
original width and the effectiveness at the optimal width, the tile flow is not needed. The 
saturated hydraulic conductivity K was determined through slug tests using the Hvorslev 
method (Hvorslev, 1951). Slug tests measure the local saturated hydraulic conductivity by 
displacing water in a well and monitoring the change in water level over time. The Hvorslev 
(1951) method involves fitting the water level displacement versus time data to determine 
t37, the time required for the water level to equal 37% of the static water level. The 
saturated hydraulic conductivity is then computed as 
 𝐾 =
𝑟2 ln (
𝐿
𝑅
)
2𝐿𝑡37
 [9] 
where r is the radius of the well and L and R are the length and radius of the well screen, 
respectively. The effective porosity ne was assumed to be equal to values used in previous 
studies in the watershed containing sites BC-1 and BC-2 (Fowle, 2003; D.B. Jaynes, personal 
communication).  
Estimating the hydraulic head is challenging because the depth of the confining 
layer is difficult to determine. However if Eq. [8] applies, then only the difference in 
hydraulic head is needed. To assess the validity of Eq. [8], Δh/h2 was calculated for BC-1 
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because it has the most available data. The difference in head between the distribution pipe 
and the stream was calculated using the design head depth and depth to the stream surface 
in Table 1 of Jaynes and Isenhart (2019a). The depth to the confining layer—and thus h2, 
the hydraulic head at the stream—was estimated by analyzing electrical resistivity, which 
correlates to soil types (Wineland, 2002). The value of Δh/h2 for BC-1 is approximately 0.3; 
therefore, applying Eq. [8] will result in less than a 3% error. The other five sites are 
assumed to also have Δh/h2 < 0.85, and the aquifers are treated as confined.  
 The removal coefficient λ was determined from measurements of nitrate 
concentrations in the monitoring wells at each site using  
 𝐶 = 𝐶𝑡 exp (−
𝜆𝑥
𝑣𝑙
) [10] 
where C is the nitrate concentration at distance from the distribution pipe x and vl is the 
average linear velocity of groundwater, which is calculated as 
 𝑣𝑙 =
𝐾Δℎ
𝑛𝑒𝐿𝑥
 [11] 
The removal coefficient was calculated for each date in which nitrate samples were 
collected. Mean values of λ are highest in fall and lowest in either spring or winter; to 
obtain a representative removal coefficient, the values of λ for all available sampling dates 
were averaged. Only values from fits with R2 > 0.3 were used; the amount of data used 
ranged from 67 to 100% at each of the sites. 
While nitrate data were available in this study because the SRBs were already 
installed, these data will not likely be available during the SRB design phase. Therefore, 
because denitrification is the primary mechanism of nitrate removal in SRBs (Groh et al., 
2019a), a denitrification model can be used to estimate the removal coefficient λ. 
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Reviewing more than 50 models, Heinen (2006a) provided two versions of the actual 
denitrification rate Da: for saturated conditions in which 6 < pH < 8, the actual 
denitrification rate is  
 


a p T
s
C
D D f
K C
 
[12a] 
if the reaction follows Michaelis-Menten kinetics and 
 a d TD k Cf  [12b] 
if the reaction is first-order. In Eqs. [12a] and [12b], Dp is the potential denitrification rate 
(i.e., at optimal conditions), Ks is the half-saturation constant, and fT is function accounting 
for effects of temperature. When the nitrate concentration is large (C >> Ks), Eq. [12a] 
predicts that the denitrification rate is constant, or zeroth-order, but when C << Ks, Eqs. 
[12a] and [12b] are similar so that the removal coefficient can be written as 
   
p
d T T
s
D
k f f
K
 [13] 
where kd is a first-order denitrification coefficient. Heinen (2006a) specified the 
temperature function as 𝑓𝑇 = 𝑄10
(𝑇−𝑇𝑟)/10, where T is the soil temperature (°C), Tr is a 
reference temperature (°C), and Q10 is a factor with typical values of between 2 and 3. We 
use Eq. [13] in computing the optimal width and discuss its applicability in the next section. 
We take Q10 = 2.5 and Tr = 20°C. Table 3 of Heinen (2006a) presents values of kd used in six 
different models, ranging from 0.001 to 1.08 d-1.  
 Because the input parameters are uncertain, the uncertainty of optimal width was 
computed by propagating the uncertainty in parameters entering Eq. [8] with a first-order 
analysis:  
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 (Δ𝐿𝑥
∗ )2 =∑(
𝜕𝐿𝑥
∗
𝜕𝑦𝑖
∆𝑦𝑖)
2𝑛
𝑖−1
=∑(𝑆𝑦𝑖
Δ𝑦𝑖
𝑦𝑖
)
2𝑛
𝑖−1
 [14] 
where yi indicates the dependent parameter, Δyi is the uncertainty in yi, and Sy = 
(𝑦𝑖/𝐿𝑥
∗ )(𝜕𝐿𝑥
∗ /𝜕𝑦𝑖) is the sensitivity of the optimal width to parameter yi. Because the 
magnitude of the relative sensitivity is 1/2 for all four parameters used to compute the 
optimal width in Eq. [8], differences in contributions to the overall uncertainty in the 
optimal width depend only on the uncertainty in the parameters. To account for error from 
measurements and assumptions in the model, relative uncertainties of 100, 50, 20, and 
10% were introduced for λ, K, ne, and Δh, respectively.  
Results and Discussion 
The optimal width and its dependence on the parameters have a physical 
explanation that agrees with intuition. As noted in the introduction, the optimal width 
arises from a balance between making the SRB wide enough that nitrate is removed and 
making it shorter to increase the hydraulic gradient and the flow diverted to the SRB. 
Therefore, the width should yield a travel time that is comparable to the removal time, or 
Tu ~ λ-1. This balance reproduces the optimal width in Eq. [8], up to a multiplicative 
coefficient, and the full calculation shows that the coefficient is order one. The dependence 
of the optimal width on the parameters also makes physical sense. A wider SRB is needed 
when the removal time is larger (i.e., λ is small) than the travel time. Water will flow most 
quickly through buffers with more conductive and less porous soils with larger head 
differences. The analysis provides physical basis for setting the minimum SRB width.  
For all six sites, the optimal width is smaller than the current width of the SRB (Fig. 
2.3). The widths at four of the six sites exceed the upper limits of the optimal width ranges.  
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Figure 2.3: Current versus optimal saturated riparian buffer (SRB) width for the six 
study sites. Error bars on the optimal width result from the uncertainty analysis; each 
SRB has a 57% uncertainty in the optimal width. The minimum buffer width specified 
by current Code 604 is 9.1 m (USDA-NRCS, 2016).  
For example, the SRB at BC-1, which is 21 m wide, is at least 4 m too wide to remove nitrate 
optimally. As a result, the effectiveness of nitrate removal could be about 50 to 120% 
greater at these four sites (Fig. 2.4). The widths of the SRBs at the other two sites (BC-2 and 
SH) fall within the optimal width range (Fig. 2.3), and the effectiveness is close to optimal 
(Fig. 2.4). Two of the study sites (B-T and HG) have optimal widths below the current 
minimum buffer width listed in USDA-NRCS Code 604 (Fig. 2.3). Because the upper limit for 
the optimal width of these sites is also below the 9.1 m minimum, these sites could not 
have been designed for maximum nitrate removal under existing design guidance. In these 
cases, current standards and the common practice of making SRBs wide reduce SRB 
effectiveness. 
The trends in the optimal width and effectiveness align well with the results from a 
study of the denitrification potential at three of the sites. When Groh et al. (2019b) added  
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Figure 2.4: Ratio of effectiveness at the optimal width 𝜂∗ versus effectiveness at the 
current width 𝜂. A value greater than one indicates a greater effectiveness at the 
optimal width.  
carbon as dextrose to soil cores from BC-1, BC-2 and IA-1, denitrification potential rates 
increased significantly for BC-2 but not for IA-1 or BC-1 cores taken further from the 
distribution pipe, and they concluded that carbon limited denitrification at BC-2 while 
nitrate limited denitrification at BC-1 and IA-1. Calculations of the optimal width and 
effectiveness support these conclusions: BC-2 is operating at near-optimal effectiveness, 
while BC-1 and IA-1 could remove more nitrate (Fig. 2.4). The nitrate-limited sites may 
benefit from having a distribution pipe closer to the stream (Fig. 2.3). 
The overall uncertainty of the optimal width is quite large because of uncertainty in 
the parameters used to calculate the optimal width. In relative terms, the optimal width is 
equally sensitive to all parameters in the approximate expression, Eq. [8]. Combining the 
uncertainty of all parameters yields an overall 57% uncertainty in 𝐿𝑥
∗ . The removal 
coefficient λ contributes 77% of the uncertainty in 𝐿𝑥
∗ . Therefore, the most effective way to 
reduce uncertainty in 𝐿𝑥
∗  is to improve methods of determining the removal coefficient. The 
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second largest source of uncertainty in 𝐿𝑥
∗  is K, with a 19% contribution to the total 
uncertainty, while ne and Δh contribute only 3% and 0.8% respectively. These percent 
uncertainties apply to each site. Although the resulting uncertainty is large, Eq. [8] still 
provides guidance for designing effective SRBs. 
Determining the removal coefficient is difficult because of the substantial 
uncertainty in the parameters for the denitrification model. For the sites considered in this 
study, the removal coefficient could be determined with greater certainty using nitrate 
samples from the monitoring wells. For a new site, this type of data will not likely be 
available, and a denitrification model such as Eq. [13] must be used. Methods of measuring 
potential denitrification rates Dp are quite difficult and time consuming, and the wide range 
of values they yield, especially in areas with heterogeneity, make specifying a single 
representative value challenging. For example, the denitrification rates for the 20-100 cm 
depth at BC-1, BC-2, and IA-1 were in the ranges of 0.00-2,465, 0.08-141.8, and 0.04-243.9 
mg N m-3 d-1, respectively (Table 2.1). A denitrification model applied to eight different data 
sets with sand, loam, and peat soils gave potential denitrification rates ranging from 2,679 
to 38,500 g N ha-1 d-1 and values of half-saturation coefficient Ks ranging from 0.46 to 135.3 
mg N kg-1; ranges for the two parameters were large even within the same soil types 
(Heinen, 2006b). The removal coefficient λ can also be estimated using Eq. [13] and Table 3 
of Heinen (2006a), which gives kd in the range 0.001-1.08 d-1 and lists several sources for kd 
≈ 0.1 d-1. For four of our study sites, kd computed from Eq. [13] was within the range of 
0.085-0.818 d-1 (Table 2.2), which lies in the range from Heinen (2006a). The other two 
sites yield a much larger kd (7.3 and 15.3 d-1) because the removal coefficient was one to 
two orders of magnitude larger at these sites.  
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Table 2.2: Optimal width parameters. The first-order denitrification coefficient kd is 
computed from the nitrate removal coefficient λ using Q10 = 2.5, T = 7°C, and Tr = 20°C.  
 
Site K  from 
slug tests 
K from Web 
Soil Survey 
ne Δh λ kd 
 m d-1 m d-1  m d-1 d-1 
BC-1 0.52 0.49 0.1 1.38 8.34 x 10-2 2.75 x 10-1 
IA-1 1.35 0.33 0.1 1.80 2.49 x 10-1 8.18 x 10-1 
B-T 4.76 0.26 0.1 1.34 4.66 15.3 
HG 1.53 0.75 0.1 2.83 2.22 7.30 
BC-2 0.40 0.78 0.1 1.59 2.59 x 10-2 8.53 x 10-2 
SH 0.43 0.42 0.1 1.59 4.01 x 10-2 1.32 x 10-1 
 
Adding to the uncertainty in the removal coefficient is the assumption that nitrate 
removal occurs by a first-order reaction. As noted in the discussion of Eqs. [12a] and [12b], 
first-order kinetics requires nitrate concentrations much smaller than the half-saturation.  
coefficient Ks; in particular, the error in the actual denitrification rate is about 17% when 
C/Ks = 0.5 and 50% when C/Ks = 1, and accounting for the decrease in the removal rate at 
high concentrations would yield a larger required buffer width. In a study of denitrification 
beds (Ghane et al., 2015) and a study of wetlands (Messer et al., 2017), a first-order model 
better fit nitrate removal than a zeroth-order model did. Many values of Ks in soil have been 
reported, including 0.5 mg/L (Kinzelbach and Schäfer, 1991), 0.89 mg/L (Killingstad et al., 
2002), and 10 mg/L, which is used in three of the models reviewed by Heinen (2006a). The 
value Ks = 10 mg/L is comparable to or lower than many concentrations measured in the 
field tile and closest well in the dataset presented by Jaynes and Isenhart (2014), but most 
concentrations farther from the control structure are much lower and often below the 0.3 
mg/L detection limit. Therefore, while the removal is better modeled with Michaelis- 
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Menten kinetics near the control structure, a first-order model works well in most of the 
SRB.  
 The saturated hydraulic conductivity plays a significant role in determining the 
optimal width, yet it can be challenging to determine, especially in regions with 
heterogeneity. In the design of a new SRB, the saturated hydraulic conductivity could be 
estimated from the Web Soil Survey (WSS) of the USDA-NRCS. Saturated hydraulic 
conductivities from slug tests matched those from WSS well at BC-1 and SH; they were 
within a factor of about 2 at BC-2 and HG; and they differed by more at IA-1 and B-T, which 
may be due in part to the straightening of the channel at these two sites (Table 2.2). Also, 
although alluvial soils tend to be layered, the analysis leading to Eqs. [6] and [8] treats the 
aquifer as homogeneous; that is, K is an effective saturated hydraulic conductivity. To some 
extent, the slug tests provide an effective conductivity, but in the design of SRBs, accounting 
for heterogeneity remains challenging. 
 In deriving the expression for the optimal width, dispersion was neglected. 
Hydrodynamic dispersion in groundwater is quantified by the longitudinal dispersivity aL, 
and because it depends on the scale of the flow (Xu and Eckstein, 1995; Schulze-Makuch, 
2005), a calculation of the optimal width of the SRB that includes dispersion would be 
iterative. The error in determining the removal coefficient λ with Eq. [10] is proportional to 
the parameter  /La v ; applying the formula of Schulze-Makuch (2005) to the six SRB sites 
suggests an error of 8-75% in λ. However, because the scatter in dispersivities is large 
(Schulze-Makuch, 2005) and the resulting underprediction of the optimal width, which 
depends on λ1/2 (Eq. 8), is 4-32%, dispersion is omitted from the analysis for simplicity.  
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Allowing SRBs to be narrower than the width of 9.1 m specified in Code 604 would 
result in a greater nitrate load removal because it would reduce the constraints for 
designing SRBs to remove nitrate most optimally. A smaller width is beneficial at sites with 
less conductive soils, little topographic relief, large effective porosities, and/or large 
removal rates. Although the length of the distribution pipe and the tile flow rate do not 
affect the optimal width, they do control the SRB’s effectiveness. A longer distribution pipe 
and a lower tile flow rate increase the SRB effectiveness. In other words, for high flow 
spread through a short distribution pipe, the SRB can be operating optimally, but the flow 
might be large enough that the effectiveness is low due to nitrate bypassing the SRB. 
Although obtaining the parameters required to compute the optimal width is challenging, 
using Eq. [8] to approximate the optimal width would be useful in determining an effective 
design.  
Designing SRBs to be narrower may cause concerns related to treating runoff, 
providing habitat for wildlife, and maintaining the slope stability of the streambank. 
Because the width of a riparian buffer can differ from the width of an SRB, both practices 
can be optimally designed at the same site: the distribution pipe does not need to be 
located at the edge of the riparian buffer. Therefore, surface runoff treatment and wildlife 
habitat can be preserved as functions of an SRB site. Increased flow and an elevated water 
table can reduce the stability of a slope, but an assessment of slope stability for five SRB 
sites (BC-1, IA-1, B-T, BC-2, and SH) showed that four of the slopes would be stable at 
widths greater than 3 m (Dickey et al., 2020). The fifth, site BC-2, has a factor of safety 
below the acceptable threshold for slope stability even without added flow. We recommend 
not placing SRBs on slopes already prone to failure.   
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Conclusions 
We have described an approach for choosing the width of a saturated riparian buffer 
more systematically than under current standards. Intuition suggests using a larger width 
to remove nitrate most effectively because a larger width will allow more time for 
denitrification, plant uptake, and microbial immobilization to take place, as well as increase 
the likelihood of hitting hot spots and hot moments of denitrification. We have shown that 
although a larger width will decrease the nitrate concentration of the drainage that leaves 
the SRB as groundwater, it will also increase the nitrate load that will overflow to the 
stream without treatment. Balancing the time to remove nitrate and the time for water to 
flow through the SRB leads to a quantitative expression for the optimal width. A key 
remaining challenge is to develop better ways to predict nitrate removal so that more 
effective SRBs can be designed and implemented. 
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Supplemental Material 
Table S1: List of variables used in derivation of the optimal width expression. 
 
aL Longitudinal dispersivity (L) 
C Nitrate concentration at distance x from the distribution pipe (M L-3) 
Cout Nitrate concentration leaving the SRB as groundwater (M L-3) 
Ct Nitrate concentration of the tile drainage (M L-3) 
Da Actual denitrification rate (M L-3 T-1) 
Dp Potential denitrification rate (M L-3 T-1) 
fT Reduction function for soil temperature  
h1 Hydraulic head at the control structure (L) 
h2 Hydraulic head at the stream (L) 
Δh Difference in hydraulic head between h1 and h2 (L) 
K Saturated hydraulic conductivity (L T-1) 
kd First-order denitrification coefficient (T-1) 
Ks Half-saturation constant  (M L-3) 
L Length of the well screen (L) 
Lx Width of the SRB (L) 
Lx* Optimal width of the SRB (L) 
Ly Length of the distribution pipe (L) 
ṁin Mass flux of nitrate into the control structure (M T-1) 
ṁout Mass flux of nitrate leaving the SRB (M T-1) 
ne Effective porosity  
Q10 Temperature coefficient for an increase in T of 10 K  
Q Flow diverted to the SRB (L3 T-1) 
Qt Flow entering the control structure (L3 T-1) 
R Radius of the well screen (L) 
r Radius of the well (L) 
Sy Sensitivity of the optimal width to parameter yi  
T Soil temperature (K or ᵒC) 
Tr Reference temperature (K or ᵒC) 
Tu Travel time in an unconfined aquifer (T) 
t37 Time for the water level to equal 37% of the static water level (T) 
vl Average linear velocity of groundwater (L T-1) 
x Distance from the distribution pipe (L) 
yi Dependent parameter for uncertainty analysis  
Δyi Uncertainty in yi  
η Nitrate removal effectiveness  
η* Nitrate removal effectiveness at the optimal width  
λ Nitrate removal coefficient (T-1) 
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CHAPTER 3.    GROUNDWATER FLOW IN SATURATED RIPARIAN BUFFERS AND 
IMPLICATIONS FOR NITRATE REMOVAL 
Modified from a manuscript to be submitted to the Journal of Environmental Quality 
Andrea R. McEachran1, Loulou C. Dickey1, Chris R. Rehmann1, Tyler A. Groh2, 
Thomas M. Isenhart3, Michael A. Perez4, Cassandra J. Rutherford12 
 
 
Abstract 
A saturated riparian buffer (SRB) is an edge-of-field conservation practice that 
intercepts tile drainage and reduces nitrate flux to nearby streams by redistributing the 
flow as shallow groundwater. Because SRBs are relatively new, there has been limited 
research regarding their function. In this study, a three-dimensional, finite-difference 
groundwater flow model was developed to assess how groundwater flows in an SRB and 
the implications for nitrate removal. Groundwater flow is three-dimensional near the 
distribution pipe and the stream, and primarily one-dimensional in the rest of the buffer. 
The path the tile drainage takes toward the stream depends on where the flow exits the 
distribution pipe. The paths dictate the potential for nitrate removal, which depends on 
path length, and thus travel time, and depth due to varying denitrification potential with 
depth. The flow that exits the distribution pipe through the top perforations at the end of 
the pipe has the greatest potential for nitrate removal. The median error in estimating the 
travel time using a one-dimensional approximation is 11.6%. Better understanding how 
SRBs function is an important step toward enhancing design for improving water quality. 
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Core Ideas 
 Groundwater flow in an SRB is one-dimensional in most of the buffer.  
 The path of tile drainage depends on where the flow exits the distribution pipe. 
 Potential for N removal is greatest in flow that exits via the top perforations.  
 Travel time in SRBs can be estimated well using a one-dimensional approximation. 
Introduction 
Nitrate exported from nonpoint sources impairs water quality, locally and 
regionally. The primary contributor to nonpoint sources of nitrate in the U.S. is Midwestern 
subsurface drainage, or tile, that underlies agricultural fields (Goolsby et al., 2001). Using 
tile drainage to lower the water table beneath agricultural fields is a common practice in 
Midwestern states with poorly drained soils because row crops such as corn and soybeans 
require a well aerated root zone. Because nitrate is easily leached, tile drainage typically 
has high nitrate concentrations. This nitrate-rich tile drainage is usually routed to a nearby 
stream, which is a tributary to a larger body of water. Conservation practices have been 
developed to reduce nitrate export from agricultural fields. 
A saturated riparian buffer (SRB) is a relatively new practice that removes nitrate 
from tile drainage at the field edge. SRBs function by intercepting the tile drainage using a 
control structure and redirecting a portion of the flow into a perforated distribution pipe 
that runs parallel to the stream and approximately 80 cm below the soil surface (Jaynes 
and Isenhart, 2019a). The flow then travels through the soil of a vegetated riparian buffer 
as shallow groundwater, facilitating denitrification, plant uptake, and microbial 
immobilization (Jaynes and Isenhart, 2014). Potential for nitrate removal is greatest in the 
upper horizons of the soil profile because of high carbon concentrations that facilitate 
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denitrification, the primary removal mechanism (Groh et al., 2019); SRBs take advantage of 
this phenomenon by artificially raising the water table. 
SRB control structures regulate the flow sent to and the water level in the buffer. 
The control structure contains chambers separated by stoplogs with V-notch weirs. The 
weir on the first stoplog measures the total tile flow from the field; the second weir 
measures the flow that bypasses the SRB; and the difference is the flow sent to the SRB. The 
distribution pipe, which allows the tile drainage to flow into the buffer and toward the 
stream, is fully perforated and located at the bottom of the second chamber. The second 
stoplog sets the water level above the distribution pipe at the control structure when the 
capacity of the SRB is met or exceeded; therefore, the distribution pipe will add water to 
the soil below the water table. Because the distribution pipe is perforated on all sides and 
fully saturated, the flow may exit the pipe in different directions, leading to various flow 
paths. Consequently, three-dimensional flow must occur at the distribution pipe, to some 
extent. A pipe at the bottom of the last chamber allows the nitrate-rich tile drainage to 
bypass the buffer and flow to the stream when the capacity of the SRB is exceeded.  
Current SRB groundwater flow models consider either one or two-dimensional flow. 
One-dimensional SRB groundwater flow implies flow that travels straight toward the 
stream. Assuming flow to be one-dimensional greatly simplifies computations. The current 
USDA-NRCS spreadsheet for SRB design uses a one-dimensional form of Darcy’s law, which 
is proven to apply to groundwater flow in SRBs (McEachran et al., 2020). McEachran et al. 
(2020) assumed one-dimensional groundwater flow in deriving an equation for the optimal 
SRB width. Jaynes and Isenhart (2019b) developed a two-dimensional SRB groundwater 
flow model using version 2.05 of HYDRUS-2D to investigate how infiltration rates change 
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with the location and number of distribution pipes. A portion of the tile drainage travels 
vertically, almost halfway to the confining layer, but the movement of the tile drainage in 
the soil of the buffer was not the focus of that study. The extent to which the assumption 
that one or two-dimensional flow applies to SRBs has not been investigated.  
Uncertainty in how groundwater flows in SRBs leads to uncertainty regarding their 
ability to remove nitrate. The travel time of nitrate from the distribution pipe to the stream 
directly affects nitrate removal in an SRB. A larger travel time provides more time for 
nitrate to be removed. A travel time that is approximately equal to the time for removal will 
result in maximum nitrate load removal (McEachran et al., 2020). The ability of the SRB to 
remove nitrate also depends on where the nitrate flows because the potential for nitrate 
removal in the subsurface is greatest near the water table and decreases with depth 
(Yeomans et al., 1992; Groh et al., 2019). 
Because SRBs are a relatively new practice, questions remain regarding how they 
function. A three-dimensional, finite-difference groundwater flow model was developed in 
this study and particle tracking was used to investigate where the tile drainage flows after 
it exits the distribution pipe. Various simulations were conducted to evaluate the different 
flow paths and to determine the accuracy with which the travel time can be computed 
using a one-dimensional approximation. Values of nitrate removal potential are estimated 
for the various flow paths. 
Methods 
Model 
Numerical simulations were conducted using MODFLOW, a finite-difference 
groundwater flow model. MODFLOW solves Darcy’s law, which describes flow through a 
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porous medium. The three-dimensional groundwater flow model developed in this study is 
a simplified representation of an SRB site; flow is assumed to be steady-state and the soil is 
represented with a single value for saturated hydraulic conductivity and effective porosity. 
The model was developed using values similar to those at six existing SRB sites located in 
central Iowa (Table 3.1). Because the flow to the SRB, stream stage, and recharge vary 
seasonally, spring values were used because potential for nitrate export from the field is 
greatest in the spring. 
The computational domain of the model is based on the dimensions of the SRB. The 
simulated SRB has a width of 20 m and a distribution pipe length of 150 m. The grid 
spacing is 1 m except near the distribution pipe, where the cells are gradually reduced to 
10 cm wide to match the diameter of the distribution pipe (Fig. 3.1). Additional cells were 
included on all four sides of the buffer to see how the SRB interacts with the surrounding 
groundwater because SRBs are not closed systems. The model was developed with ten 
layers. The layer that contains the distribution pipe is 10 cm thick to match the pipe 
diameter, and the layer thickness increases with distance away from the distribution pipe 
 
Figure 3.1: Setup for the model of the saturated riparian buffer, including the grid structure 
around the distribution pipe and locations of exit from the distribution pipe: top (T), field 
(F), bottom (B), and stream (S). The y-direction runs into the page, along the length of the 
distribution pipe.  
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Table 3.1: Parameter values at existing study sites, base value in the model, and the range 
used in the model simulations. 
 
Parameter Estimated values at 
study sites 
Model base 
value 
Range used 
in model 
Buffer width, m 11-24 20 10-30 
Distribution pipe length, m 115-308 150 NA 
Flow diverted to the buffer, m3/d 16.6-22.1† 18 10-30 
Stream stage, m 0.1-0.76 0.5 0.1-1 
Difference in head between control 
structure and stream, m 
1.34-2.83§ 1.85 1.03-4.01 
Hydraulic gradient 0.07-0.20§ 0.09 0.05-0.23 
Horizontal saturated hydraulic 
conductivity, m/d 
0.40-4.76‡ 1 0.4-4 
Anisotropy ratio 0.1‡ 0.1 0.05-0.5 
Effective porosity 0.1‡ 0.1 0.1-0.4 
Recharge rate, mm/d 0.198-0.272 0.23 NA 
Evapotranspiration rate, mm/d 1.44-1.49 1.46 NA 
† Excludes two sites where data is not available and SRB receives 175 m3/d 
‡ McEachran et al., 2020 
§ Jaynes and Isenhart, 2019a 
NA, not applicable 
(Fig. 3.1). A grid resolution test yielded a head difference around the distribution pipe of 
less than 0.4%  when the resolution was doubled in the y-direction, and less than 2% when 
the resolution was increased by 30% in the z-direction. Because the edges of the model are 
no-flow zones, the bottom of the model represents the confining layer, which is assumed to 
be flat and impermeable. 
Boundary conditions are necessary to represent the exchange of flow between the 
SRB and external systems. A constant head boundary condition of 1.5 m was used to model 
the water level at the stream, which has a stage of 0.5 m. Although the stream meanders 
along the SRB at many sites, the modeled stream was assumed to be straight to simplify the 
analysis. A constant head boundary of 4.8 m was applied 80 m upgradient from the control 
structure to simulate the incoming groundwater flow. Ideally, SRBs are sited at locations 
where the adjacent field is at a high enough elevation that raising the water table in the 
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buffer does not affect the water level in the field. The distribution pipe is modeled as an 
injection well with a flow rate of 18 m3/d. This flow rate was the result of a calibration to 
create a head above the distribution pipe that is similar to the design head at existing sites 
(Jaynes and Isenhart, 2019a). In all six study sites, including BC-2, the water level in the 
monitoring wells decrease with distance y away from the control structure (Fig. 3.2). 
Therefore, a gradient was used for injection along the distribution pipe with the greatest 
flow rate at the control structure, which is located in the middle of the distribution pipe, 
and the flow rate decreases linearly by 15% along the distribution pipe.  
Parameter values, including the horizontal and vertical saturated hydraulic 
conductivity, effective porosity, recharge rate, and evapotranspiration rate were chosen 
based on the range at the study sites (Table 3.1). The saturated hydraulic conductivity is 
taken to be homogeneous and anisotropic, with a vertical saturated hydraulic conductivity 
that is 10% of the horizontal saturated hydraulic conductivity (Domenico and Schwartz, 
1998). The recharge rates were assumed to be 15% of the spring precipitation rate  
 
Figure 3.2: Decrease in hydraulic head with distance from control structure at site BC-2.  
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(Schilling, 2009), which was obtained from Iowa State University’s Iowa Environmental 
Mesonet (ISU-IEM, 2019). The evapotranspiration rate was determined using the ESRI 
Evapotranspiration Web Viewer (ESRI et al., 2020). 
Simulations 
An initial simulation was run using the base values (Table 3.1) to represent 
groundwater flow in a typical SRB condition. MODPATH, a particle tracking software that 
computes three-dimensional flow paths, was used to better understand how groundwater 
flows within and surrounding an SRB. Primarily, particles were placed along the top (T), 
bottom (B), field side (F), and stream side (S) of the distribution pipe (Fig. 3.1) to provide 
insight as to how the tile drainage exits the distribution pipe and what path it takes as it 
flows toward the stream. A mass balance taken directly around the distribution pipe 
provides the portion of the flow that travels in the various directions. Particles were also 
placed upgradient in the field to provide insight as to how the SRB affects the incoming 
groundwater flow. 
 To determine how travel time in an SRB varies, simulations were run using a range 
of parameter values (Table 3.1). The range used was based, in part, on the values from the 
study sites. Because the parameters at the study sites may not represent all SRB sites, the 
range was extended to capture cases that may be relevant in other regions or at sites with 
different topographical conditions. Only parameters that significantly affect the travel time 
were varied: the distribution pipe length, recharge rate, and evapotranspiration rate were 
held constant for all simulations. The range for some parameters was limited to ensure the 
modeled SRB functions properly, primarily to keep the distribution pipe below the water 
table.  
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The accuracy of computing an SRB travel time Tt using a simplified, one-dimensional 
computation is assessed by comparing it with the travel time provided in the simulation. 
The travel time is computed as 𝑇𝑡 =
𝐿𝑥
𝑣𝑥
 where Lx is the SRB width and vx is a one-
dimensional approximation of the average linear groundwater velocity computed as 
𝑣𝑥 =
𝑄𝑡 + 𝑄𝑔𝑤
𝐿𝑦𝑛𝑒 ⁡(
ℎ1 + ℎ2
2
)
 
where Qt is the flow rate exiting the distribution pipe, Qgw is the flow rate of the underlying 
aquifer, Ly is the length of the distribution pipe, ne is the effective porosity, h1 is the head at 
the distribution pipe, and h2 is the head at the stream. Computing the travel time as 𝑇𝑡 =
𝐿𝑥
𝑣𝑥
 
is common in groundwater flow computations: for example, McEachran et al. (2020) used 
that equation to derive the optimal SRB width. Determining the travel time in simulations 
that vary one parameter at a time provides insight into which conditions most accurately 
predict the travel time. 
Nitrate removal 
To better understand how the flow paths affect potential for nitrate removal, the 
nitrate load removed via denitrification was estimated. The path of the tile drainage 
determined in the simulations was used to obtain average depths in daily increments, and 
the capacity for denitrification at each depth was estimated from measurements of 
Yeomans et al. (1992) in the subsurface of four Iowa soil profiles to a depth of 3 m (Fig. 
3.3). Because SRBs are located in regions with poorly drained soils, only the Webster and 
Okoboji soil profile denitrification capacity values were used and were averaged for each 
depth. The total nitrate load removed, expressed in mass of nitrate per mass of soil, was  
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estimated by multiplying the travel time and denitrification capacity of each increment and 
summing the results.  
These computations are intended to be an approximation due in part to the 
assumptions that, along the entire flow path, (1) the nitrate concentration is non-limiting 
and (2) the water table is 50 cm below the ground surface. The first assumption provides a 
limitation to the application of the estimate. The second assumption is used because the 
depth of the particle is in relation to the water table, whereas the denitrification capacity is 
with respect to the ground surface. This assumption is reasonable because the water table 
generally follows the land surface (Fetter, 2000). The most significant source of uncertainty 
in these estimations is in the denitrification capacity values; the corresponding error was 
not considered because the data is not available (Yeomans et al., 1992). The uncertainty 
associated with determining the depth of the particle below the water table was computed 
 
Figure 3.3: Average of the denitrification capacity from Webster and Okoboji soils in Iowa 
as measured by Yeomans et al. (1992).  
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using a 6 cm error. The use of these estimates is intended to simply illustrate the variation 
in removal by path.  
Results 
The hydraulic head contours indicate that the groundwater flows in three 
dimensions (Fig. 3.4). Vertical flow (z-direction) exists at the distribution pipe and at the 
stream, which is evident based on the horizontal contours at those locations (Fig. 3.4a). The 
flow in the rest of the SRB is one-dimensional, indicated by the parallel contours. The 
contours are closer together in the SRB than in the surrounding areas, indicating that the 
hydraulic gradient, and thus flow rate, are greater in the SRB, which agrees with intuition.  
Groundwater also flows in the y-direction (Fig. 3.4b). Most of the incoming 
groundwater flows around the SRB; in the SRB, flow also travels in the y-direction, away  
 
Figure 3.4: Hydraulic head contours: (a) profile view, (b) plan view. The profile view has a 
vertical exaggeration of approximately 4 and the plan view has an exaggeration in the x-
direction of approximately 9. The stream level is at an elevation of 1.5 m at x = 20 m.   
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from the control structure. This phenomenon is caused by higher flow rates near the 
control structure and is most prominent at the ends of the distribution pipe; flow in the y-
direction increases with distance y away from the control structure, therefore flow exiting 
the distribution pipe at the end has a less direct path and thus greater travel time (Fig. 3.5).  
 
Figure 3.5: The travel time increases with distance y away from the control structure.  
 
Figure 3.6: Paths for each direction in which the flow can exit the distribution pipe. These 
flow paths are located approximately halfway between the control structure and one end of 
the distribution pipe. The vertical exaggeration is approximately 6.  
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The flow path depends most significantly on the direction in which the flow exits the 
distribution pipe (Fig. 3.6). As suggested by intuition, path S accounts for the greatest 
percentage of the tile flow in the SRB (Fig. 3.7a); there is less resistance from the incoming 
groundwater flow for the tile drainage flow to exit the distribution pipe through the 
perforations at location S compared to any other perforation. While all of the flow that exits 
the distribution pipe ends up in the stream, the length and depth of each path varies. 
Because the lengths of the paths vary, the travel times also vary (Fig. 3.7b). Path F has the 
greatest travel time because it has the longest flow path; the flow travels slightly back 
toward the field before the incoming groundwater flow reverses its direction. Path S has 
the shortest travel time because it follows the most direct path to the stream. The varying 
lengths and depths of the paths result in different nitrate loads removed because nitrate 
removal depends on travel time and denitrification capacity, which varies with depth (Fig. 
3.3). An estimate of nitrate load removed suggests that path T removes the most nitrate  
 
Figure 3.7: Percentage of flow and median travel time for each direction in which flow can 
exit the distribution pipe.  
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Figure 3.8: Estimates of nitrate load removed for each direction in which the flow exits the 
distribution pipe. These measurements are based on the flow paths in Fig. 3.6, which are 
located approximately halfway between the control structure and one of the ends of the 
distribution pipe. Error bars incorporate only error associated with determining the 
particle position below the water table.  
(Fig. 3.8), which is probable because it flows closest to the water table and thus experiences 
the greatest denitrification capacity. Path B removes the smallest nitrate load because it 
experiences the second lowest denitrification capacity; path F flows deepest and therefore 
experiences the lowest denitrification capacity, but it has a significantly larger travel time, 
which increases the nitrate load removed. 
As demonstrated by Darcy’s law, the simulated travel time Tt decreases with an 
increase in the horizontal saturated hydraulic conductivity (Fig. 3.9a). A power regression 
fits Tt vs Kh, implying a constant sensitivity of 1.4 between Tt and Kh. When the distribution 
pipe is not adding flow to the buffer, the sensitivity is one. The vertical saturated hydraulic 
conductivity Kv induces only minor variations in Tt (Fig. 3.9b) with a standard deviation of 
0.12 d. The travel times in figure 3.9 are relatively low because an effective porosity of 0.1  
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was used in the simulations. The relative sensitivity of the travel time due to the effective 
porosity is one, so doubling the effective porosity will double the travel time.  
 
Figure 3.9: Travel time Tt as a function of (a) horizontal Kh and (b) vertical Kv saturated 
hydraulic conductivity.  
 
Figure 3.10: Distribution of the ratio of travel time from the model simulation Tt to travel 
time computed as buffer width Lx divided by the one-dimensional average linear velocity vx 
for simulations with varying parameter values. A value greater than one indicates the 
simulated travel time is larger than the simplified computation.  
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The travel time can be computed using equation 𝑇𝑡 =
𝐿𝑥
𝑣𝑥
 within 5% in 14% of the 
simulations that were conducted, and within 20% in 78% of simulations (Fig. 3.10). The 
median of the simulated cases is 11.6% times larger than the computation; 95% of the 
simulations yielded a larger travel time, which is primarily due to vertical flow increasing 
the length of the flow path. The error in the simplified travel time computation is greatest 
with a large SRB width Lx, large flow rate from the distribution pipe Qt, and a large 
hydraulic gradient Δh/Lx (Fig. 3.11a-c). As intuition suggests, the effective porosity ne was 
found to have no effect on dimensionless parameter Ttvx/Lx, thus ne does not affect the 
accuracy of the travel time computation. The median value along the distribution pipe of 
path S was used in these model simulations because path S accounted for the greatest 
percentage of flow leaving the distribution pipe (Fig. 7a). 
 
Figure 3.11: Ratio of travel time from the model simulation Tt to travel time computed as 
buffer width Lx divided by one-dimensional average linear velocity vx with respect to (a) Lx, 
(b) flow rate entering the buffer through the distribution pipe Qt, and (c) hydraulic gradient 
Δh/Lx.  
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Discussion 
Model assumptions 
Many SRB sites have some degree of layering with various soil textures and 
arrangement caused by centuries of soil formation, and thus have more heterogeneity than 
the simplified homogeneous model developed in this study. However, this model still 
reasonably represents how groundwater flows in an SRB; the results of this model can be 
applied to sites with more complex geology by understanding how the layering affects 
groundwater flow. In a layered soil, the flow path will vary depending on the elevation and 
saturated hydraulic conductivity K of the layer. NRCS design standards specify that SRBs 
should not be installed at locations with high K value layers that could provide preferential 
flow (USDA-NRCS, 2016). A layer with a lower K value located below the flow paths will 
slightly reduce the vertical excursion of the paths. If the layer crosses the flow paths, 
refraction will occur (Fetter, 2000). A layer with a larger K value will cause the flow to 
refract vertically, while a higher K value would cause horizontal refraction.  
SRBs do not operate under steady-state conditions because of fluctuating tile flow 
rates. Tile flow varies temporally depending on the frequency and intensity of precipitation 
events and rates of evaporation and plant uptake, as well as spatially due to large drainage 
areas. The flow diverted to the SRB, recharge rate, and stream stage at the study sites 
(Table 3.1) were determined by averaging during a spring time period with a relatively 
steady water level in the buffer. A transient model would have greater complexity due to a 
fluctuating water table and flow rates and therefore groundwater flow paths, potential for 
nitrate removal, and travel times that would vary over time. Therefore, assuming steady- 
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state is beneficial to simplify the methods and analysis, while still providing insight into a 
typical SRB condition.   
 The model developed in this study evaluates only advective transport: dispersion 
and decay are not assessed. Hydrodynamic dispersion in groundwater is quantified by the 
longitudinal and transverse dispersivity. The error in travel time associated with neglecting 
dispersion is 10.9% in the condition using the base values (Xu and Eckstein, 1995). This 
error applies only to the nitrate that experiences the greatest dispersion; the rest of the 
nitrate will have an error between 0 and 10.9%. Without assessing decay, only the path of 
the tile drainage can be assessed and not the nitrate concentration along the path; 
therefore, this study considers only the implications for nitrate removal based on advective 
transport. A nutrient transport model that incorporates dispersion and decay would be 
useful to determine the movement and concentration of nitrate within the SRB. 
Groundwater dilution 
The water samples taken from monitoring wells at SRB sites capture the nitrate 
concentration at the depth of the well screen. Screens are located at the bottom of the well 
and allow water to enter while filtering out sediment. The monitoring wells at the study 
sites have 1.5 m long screens, with the bottom of the well, and thus the screen, located 
approximately 1.2-2.7 m below the ground surface. On average, the bottoms of the well 
screens are located between 1.0 and 2.1 m below the water table. If the well screen at the 
SRB modeled using the base values extends to a depth greater than 1.4 m below the water 
table, a combination of the tile drainage and incoming groundwater flow would be 
captured in the water samples taken from the monitoring well. In that case, the water 
samples taken from the wells would be diluted because groundwater has a significantly 
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lower nitrate concentration than tile drainage (Fleming et al., 1998). Capturing samples 
from path S would be the best way to represent nitrate removal because path S consists of 
43.7% of the flow exiting the distribution pipe (Fig. 3.7a) and has an estimated nitrate load 
removed that is within 2% of the average for the four paths (Fig. 3.8). Therefore, a well 
screen that captures water approximately 60 cm below the water table would yield the 
most representative sample for computing nitrate removal in the modeled SRB. 
Implications for design 
The potential for nitrate removal depends on where the tile drainage exits the 
distribution pipe due to the various flow paths. The potential for nitrate removal is greatest 
with proximity to the water table and distance away from the control structure. Therefore, 
the tile drainage that exits the distribution pipe through the top perforations at the greatest 
distance from the control structure has the greatest potential for removal. The results of 
this study are consistent with those of an SRB denitrification study, in which the authors 
suggest raising the water table to the greatest extent possible to maximize denitrification 
(Groh et al., 2019). Because the estimated nitrate loads removed for the various paths are 
within 22.3%, concerns related to some paths having lower removal potential are reduced 
because the range in load removed is relatively small. The error in the estimated nitrate 
load removed varies slightly for each path. Path F has the largest error because it has the 
greatest travel time; a longer path requires more incremental computations, thus increases 
the potential for error. Path T is located within a depth of 59-81 cm, which is in the steepest 
portion of the denitrification capacity graph (Fig. 3.3); therefore, the denitrification 
capacity of the particle taking path T is less sensitive to depth, thus the computed error was 
lower.  
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The travel time varies with parameters Lx, Qt, Δh/Lx, Kx, and ne. Variations in Kv have 
no significant effect on the travel time (Fig. 3.9b). With all other parameters and properties 
held constant, increasing Kv will result in a greater vertical excursion; however, the net 
effect on the travel time is small due to larger vertical velocities. The under-prediction of 
the travel time using 𝑇𝑡 =
𝐿𝑥
𝑣𝑥
 (Fig. 3.10) is caused by the presence of vertical flow. Vertical 
flow causes the flow path to be greater than the SRB width Lx; consequently, the computed 
Tt is smaller than that of the real system. The error increases with a larger Lx, larger flow 
rate exiting the distribution pipe Qt, and/or a larger hydraulic gradient Δh/Lx due to greater 
vertical flow (Fig. 3.11a-c). Using a value of Tt that is 11.6% larger than computed results in 
a 6% difference in the optimal SRB width, which is well within the uncertainty of the other 
parameters (McEachran et al., 2020).  
Based on the results of this study, several SRB design recommendations are made:  
1. Applying a one-dimensional form of Darcy’s law is reasonable for groundwater 
flow computations in an SRB. 
2. Computing travel time as 𝑇𝑡 = 1.12
𝐿𝑥
𝑣𝑥
 will yield a value that more accurately 
represents the travel time in the SRB.  
3. The distribution pipe should be installed to encourage flow to exit the 
distribution pipe further from the control structure. This can be achieved by 
installing the distribution pipe at a minor grade or incorporating a geotextile or 
fill around the distribution pipe that increases the flow exiting the pipe with 
distance y away from the control structure. For example, install the distribution 
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pipe with an envelope of a fine sand near the control structure, a fine gravel near 
the end of the pipe, and proportionally fill the rest. 
Conclusions 
Improving the understanding of how groundwater flows in SRBs is essential for 
advancing the design effectiveness. As intuition suggests, three-dimensional groundwater 
flow occurs at the distribution pipe and the stream; flow is primarily one-dimensional in 
the rest of the buffer. Tile drainage exits the distribution pipe through various flow paths, 
with the flow exiting through the top perforations and at the ends of the distribution pipe 
having the greatest potential for nitrate load removal. Assumptions in SRB groundwater 
flow computations have been evaluated: applying a one-dimensional form of Darcy’s law is 
reasonable and computing the travel time as 𝑇𝑡 = 1.12
𝐿𝑥
𝑣𝑥
 more accurately predicts the SRB 
travel time. The next step toward better understanding SRB function is to develop a nitrate 
transport model that includes dispersion and decay to assess nitrate reduction and 
movement beyond advective transport. 
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CHAPTER 4.    GENERAL CONCLUSIONS 
Nutrient export from agricultural lands diminishes water quality locally and 
regionally. High nutrient concentrations in surface water is a health concern to human and 
aquatic life and can have economic impacts by harming the fishing industry and requiring 
addition of costly drinking water treatment processes to remove nutrients. In the U.S. 
Midwest, nitrogen is primarily exported through tile drainage that reroutes leached nitrate 
directly to nearby surface waters. A saturated riparian buffer (SRB) is an edge-of-field 
conservation practice that is proven to reduce nitrate flux from agricultural lands. Because 
the first SRB was installed only ten years ago, there has been limited research investigating 
their function and how to most effectively design them. This thesis applied analytical and 
numerical models to meet the objectives from chapter 1:  
1. Determine the optimal SRB width 
2. Assess the validity of SRB groundwater flow assumptions 
3. Investigate the path of the tile drainage after exiting the distribution pipe 
Chapter 2 addresses objective 1. The width of the SRB is a design choice that may or 
may not be limited by site conditions. When the SRB width is large, there is more time for 
removal of the nitrate that enters the SRB; however, a large width reduces the hydraulic 
gradient and therefore reduces the flow diverted to the SRB, causing more of the nitrate-
rich tile drainage to bypass treatment and flow directly to the stream. This tradeoff results 
in an optimal width that maintains an adequate residence time to remove nitrate and 
maximizes the flow treated by the SRB. Applying this analysis to six study sites showed that 
all six SRBs are too wide for optimal nitrate removal and two have optimal widths below 
the minimum listed in current design guidance. Using the optimal width equation in the 
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design process for SRBs would lead to more effective SRBs and would thus reduce nitrate 
flux from agricultural fields. 
Chapter 3 addresses objectives 2 and 3. A three-dimensional finite-difference 
groundwater flow model of an SRB was developed using values similar to those at existing 
sites in central Iowa. Groundwater flow is one-dimensional in most of the buffer, therefore 
using a one-dimensional groundwater flow assumption is reasonable. The median error 
associated with computing the travel time using a one-dimensional approximation is 
11.6%. Tile drainage can exit the distribution pipe in various directions; the flow that exits 
through the top perforations at the end of the pipe has the greatest potential for nitrate 
removal. These results improve the understanding of how SRBs function and validate and 
improve the assumptions used in groundwater flow computations. Better understanding 
how the system works leads to more effective designs in the future. 
One of the next steps to better understanding SRB function is to develop a nitrate 
transport model that incorporates dispersion and decay. Dispersion provides insight as to 
where the nitrate travels beyond advective transport and decay provides insight as to how 
the nitrate concentration varies throughout the buffer. This model can be built from the 
MODFLOW groundwater flow model presented in chapter 3 using MT3D, a groundwater 
mass transport modeling software. Challenges may arise in determining representative 
values for the dispersivity and decay. Because the rates of denitrification vary with depth, 
the decay rates must also vary with depth. Nitrate boundary conditions must also be 
incorporated into the model. Analyzing the results in this model will be more complex 
because dispersion will result in a range of travel times. Continuing to advance the 
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understanding of SRB function provides opportunities for innovation in determining 
effective ways to apply the principles and improve SRB design. 
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APPENDIX:    OPTIMAL WIDTH DERIVATION 
In order to maximize the effectiveness, we first need to have an expression for the 
effectiveness. 
𝜂 = 1 −
?̇?𝑜𝑢𝑡
?̇?𝑖𝑛
 
𝜂 = 1 −
(𝑄𝑡 − 𝑄)𝐶𝑡 + 𝑄𝐶𝑜𝑢𝑡
𝑄𝑡𝐶𝑡
 
𝜂 = 1 −
𝑄
𝑄𝑡
(1 −
𝐶𝑜𝑢𝑡
𝐶𝑡
) 
Approximate quantities Q and Cout as 
𝑄 = 𝐾
ℎ1
2 − ℎ2
2
2𝐿𝑥
𝐿𝑦 
𝐶𝑜𝑢𝑡 = 𝐶𝑡 exp(−𝜆𝑇𝑢) 
where Tu is 
𝑇𝑢 =
4
3
𝑛𝑒𝐿𝑥
2
𝐾
ℎ1
3 − ℎ2
3
(ℎ1
2 − ℎ2
2)2
 
Use the following substitutions for simplification: 
𝑇𝑢 = 𝛼𝑡𝐿𝑥
2  
𝐶𝑜𝑢𝑡
𝐶𝑡
= exp(−𝜆𝛼𝑡𝐿𝑥
2 ) 
𝛼𝑐 = 𝜆𝛼𝑡 
𝑄 = 𝛼𝑄
′ 𝐿𝑥
−1 
𝛼𝑄 =
𝛼𝑄
′
𝑄𝑡
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Plugging these simplified expressions into the expression for the effectiveness yields 
𝜂 = 𝛼𝑄𝐿𝑥
−1(1 − exp(−𝛼𝑐𝐿𝑥
2 ))⁡ 
Maximize the effectiveness by setting the derivative with respect to Lx equal to zero. 
𝑑𝜂
𝑑𝐿𝑥
= 𝛼𝑄[(−𝐿𝑥
−2)(1 − exp(−𝛼𝑐𝐿𝑥
2 )) + 𝐿𝑥
−1(−(−𝛼𝑐2𝐿𝑥) exp(−𝛼𝑐𝐿𝑥
2 ))]⁡ 
𝑑𝜂
𝑑𝐿𝑥
= 𝛼𝑄 [
exp(−𝛼𝑐𝐿𝑥
2 ) − 1
𝐿𝑥
2
+ 2𝛼𝑐 exp(−𝛼𝑐𝐿𝑥
2 )] 
𝑑𝜂
𝑑𝐿𝑥
=
𝛼𝑄
𝐿𝑥
2
[exp(−𝛼𝑐𝐿𝑥
2 ) − 1 + 2𝛼𝑐𝐿𝑥
2 exp(−𝛼𝑐𝐿𝑥
2 )]⁡ 
𝑑𝜂
𝑑𝐿𝑥
= 0 
0 = exp(−𝛼𝑐𝐿𝑥
2 ) − 1 + 2𝛼𝑐𝐿𝑥
2 exp(−𝛼𝑐𝐿𝑥
2 ) 
1 = (2𝛼𝑐𝐿𝑥
2 + 1) exp(−𝛼𝑐𝐿𝑥
2 ) 
⁡To further simplify, put 
𝑥 = 𝛼𝑐𝐿𝑥
2  
so that 
1 = (2𝑥 + 1⁡)𝑒−𝑥 
and solve for x.  
𝑥 = {0,
1
2
(−1 − 2𝑊 (−1,−
1
2√𝑒
))} = {0, 1.256} 
where W(α, β) is the Lambert W function. If 𝜔0 = 1.256, then 
𝐿𝑥
∗ = (
𝜔0
𝛼𝑐
)
1
2
 
𝐿𝑥
∗ = (
𝜔0
𝜆𝛼𝑡
)
1
2
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𝐿𝑥
∗ =
(
 
 𝜔0
𝜆
4
3
𝑛𝑒
𝐾
ℎ1
3 − ℎ2
3
(ℎ1
2 − ℎ2
2)2
)
 
 
1
2
 
𝐿𝑥
∗ = (
3𝜔0
4
)
1
2
(
𝐾
𝑛𝑒𝜆
(ℎ1
2 − ℎ2
2)2
ℎ1
3 − ℎ2
3 )
1
2
 
Then, if  
𝛼𝑐𝐿𝑥
2 = 𝜔0 
an expression for the effectiveness at the optimal width can be determined. 
𝜂∗ = 𝛼𝑄 (
𝛼𝑐
𝜔0
)
1
2
(1 − 𝑒−𝜔0) 
𝜂∗ =
(1 − e−ω0)
𝜔0
1
2
(
𝛼𝑄
′
𝑄𝑡
)(𝜆
4
3
𝑛𝑒
𝐾
ℎ1
3 − ℎ2
3
(ℎ1
2 − ℎ2
2)2
)
1
2
⁡ 
𝜂∗ =
(1 − e−ω0)
𝜔0
1
2
(
𝐾(ℎ1
2 − ℎ2
2)𝐿𝑦
2𝑄𝑡
)(𝜆
4
3
𝑛𝑒
𝐾
ℎ1
3 − ℎ2
3
(ℎ1
2 − ℎ2
2)2
)
1
2
 
𝜂∗ =
(1 − e−ω0)
(3𝜔0)
1
2
𝐿𝑦
𝑄𝑡
(𝜆𝑛𝑒𝐾(ℎ1
3 − ℎ2
3))
1
2⁡ 
If the difference in hydraulic head Δh = h1−h2 is small, the SRB can be treated as a confined 
aquifer and Q is expressed as  
𝑄 = 𝐾
Δℎ
𝐿𝑥
𝐴 
where A is the cross section of the flow area. Using this form of Darcy’s law changes 𝛼𝑄
′  and 
𝛼𝑡. 
𝛼𝑄
′ = 𝐾Δℎ𝐴 
58 
 
𝛼𝑡 =
𝑛𝑒
𝐾Δℎ
 
Substituting the new forms of these expressions yields a simplified optimal width 
expression. 
𝐿𝑥
∗ = (
𝜔0
𝛼𝑐
)
1
2
 
𝐿𝑥
∗ = (
𝜔0
𝜆𝛼𝑡
)
1
2
 
𝐿𝑥
∗ = (
𝜔0𝐾Δℎ
𝜆𝑛𝑒
)
1
2
 
𝐿𝑥
∗ = 1.12 (
𝐾Δℎ
𝑛𝑒𝜆
)
1
2
 
To determine the error associated with applying the simplified equation, substitute h1 = h2 
+ Δh into the original optimal width equation.  
𝐿𝑥
∗ = (
3𝜔0
4
)
1
2
(
𝐾
𝑛𝑒𝜆
((ℎ2 + Δℎ)
2 − ℎ2
2)2
(ℎ2 + Δℎ)
3 − ℎ2
3 )
1
2
 
Then, expressing 𝐿𝑥
∗  as a series gives 
𝐿𝑥
∗ = (
𝜔0𝐾Δℎ
𝑛𝑒𝜆
)
1
2
−
(
𝜔0𝐾
𝑛𝑒𝜆
)
1
2
Δℎ
5
2
24ℎ2
2  
The first term is used as the simplified optimal width equation, so to determine the error, 
divide by the first term to get 
𝐿𝑥
∗
(
𝜔0𝐾Δℎ
𝑛𝑒𝜆
)
1
2
= ⁡1 −
Δℎ2
24ℎ2
2 
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Then, find that 
Δℎ
ℎ2
= 0.85 
when 
𝐿𝑥
∗
(
𝜔0𝐾Δℎ
𝑛𝑒𝜆
)
1
2
= 0.97 
Therefore, the error is within 3% when Δℎ/ℎ2 < 0.85. 
 
 
